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ABSTRACT 
An algebraic structure, related to the crossing number, is constructed from a given 
graph. 
1. PLANAR REPRESENTATIONS OF A GRAPH 
Let G be a graph without loops or multiple joins. Let its vertices be 
enumerated as vl,  v2 ,..., vn 9 
A representation f G in the Euclidean plane is constructed as follows. 
A vertex v~ is represented by a point V,, called a vertex-point, and we 
suppose the n vertex-points Va, V~ ..... Vn to be distinct. An edge v~v~ is
represented by an arc V~ V~. called an edge-arc. This edge-arc is to contain 
no vertex-point other than its two ends V, and V3. 9 Two distinct edge-arcs 
are to have at most a finite number of internal points in common. At 
each common internal point they are to cross. We shall not attempt a 
rigorous treatment of the topological considerations involved. 
An edge-arc is taken to be a homeomorphic mage of the unit segment. 
Thus it does not cross itself. At each point of a directed edge-arc L1 we 
distinguish between the "left" and "right" sides of the arc. Any other 
directed edge-arc L2 passing through the point then crosses L1 either 
from right to left or from left to right. The choice of right and left sides 
for La defines an orientation of the plane and thereby fixes the right and 
left sides for any directed arc. It is found that, if L~ crosses Lz from right 
to left, then L z crosses L2 from left to right. 
The crossing number of two edge-arcs in the representation is the number 
of their common internal points. The crossing number of the representation 
is the sum of the crossing numbers of all unordered pairs of distinct edges 
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of G, and the crossing number of G is the least integer which is the crossing 
number of some planar representation f G. The problem of determining 
the crossing number of a given graph is often difficult. There are empirical 
formulas for the crossing numbers of the complete graphs and the com- 
plete bipartite graphs, but they still await a valid proof or disproof [2, 3]. 
Let vi, v~., vk, and v z be distinct vertices uch that edges v~v~ and v~v~ 
exist. Consider the edge-arcs V,V~ and VkV, in a given representation 
of G. Suppose that as we traverse the directed arc ViVj from Vi to V~ we 
cross the directed arc VkV~ m times from its left side to its right and m' 
times from its right side to its left. We write 
A(/j, kl) = m -- m'. 
The number A(ij, kl) is not necessarily equal to the crossing number of 
V~V~ and VkV~, but it is congruent to that crossing number modulo 2. We 
may therefore hope to obtain some information about the crossing 
numbers of graphs by studying the numbers A(ab, cd). 
It is easy to verify the following identities: 
A(ij, kl) = --a(ji, kl), (1) 
)~(ij, kl) = --)~(kl, ij). (2) 
If v~, vj, vk, and v, are distinct vertices of G such that either v~ is not 
adjacent to vj, or vk is not adjacent to vz, it is convenient to write 
a(ij, kl) = O. (3) 
2. CROSSING CHAINS 
Let Q be the set of symbols 
[ij, kl], 
where i, j, k, and l are distinct positive integers, not exceeding n, such that 
the following conditions are satisfied: 
(i) i < j ,  i < k < l. 
(ii) G has edges viv a and vkvz. 
We consider certain "chains" on Q. These are linear forms 
Nijkt[ij, kl], 
o 
where the coefficients Nijkz are integers. The symbols [ij, kl] are regarded 
as indeterminates. Chains are added, subtracted, and multiplied by in- 
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tegers in the obvious ways. We need not distinguish between the symbol 
[ab, cd] and the chain in which Nabca = 1 and the coefficients of the other 
members of Q are all zero. 
Given a representation of G in the plane we can use the numbers 
~(ij, kl), where i, j, k, and I satisfy (i) and (ii) as coefficients in a chain. The 
representation thus determines a crossing chain 
X = ~ A(ij, kl)[ij, kl]. 
(2 
In what follows we shall be concerned chiefly with crossing chains. We 
therefore adopt some conventions uggested by (1) and (2). We write 
[0", k/] also as 
[ji, lk], [kl, ji], [lk, ij] "[ j i ,  kl], 
- -  [ij, lk], -- [kl, /j], and -- [Ik, ji]. 
We can now say that a crossing chain is not altered by any permutation 
of the integers 1 to n. 
It is convenient to write 
[ij, kl] = 0 
when v~ is not adjacent o vj, vk is not adjacent o vl, or the four integers 
i, j, k, and l are not all distinct. We are taking the view that crossings of 
adjacent edges are trivial, and easily got rid of. 
3. CROSS-COBOUNDAR1ES 
I f  vi, vj, and vk are distinct vertices of G we define a chain K((/, k) as 
follows. 
K(ij, k) = ~ [i j, kl]. (4) 
l=1 
Thus we have 
K(ij ,  ~) = - -  K( j i ,  ~). (5) 
We refer to the chains K(/j, k) as the initial cross-coboundaries of G. A 
general cross-coboundary of G is any chain expressible as a sum of a 
finite number of initial cross-coboundaries. Thus the cross-coboundaries 
of G constitute an additive Abeli0n group A(G). This is a subgroup of the 
group R(G) of all the chains. 
I f  vl and vj are not adjacent it is clear that K(ij, k) is the zero chain. I f  
vi and v~. are adjacent he sum of K(ij, k) and any crossing chain X is still 
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a crossing chain. To demonstrate his we make a very short break in the 
edge-arc V, V~ and mend the break with an arc XY. This proceeds from X 
to the neighborhood of Vk, circles most of the way around Vk, and then 
returns almost along its original path to the break at Y. The construction 
is illustrated in Figure 1. It gives, of course, a new planar representation 
of G. If X is the crossing chain of the original representation, then the 
crossing chain of the new one is X + K(ij, k) or X -- K(ij, k), according to 
the direction in which we choose to circle around Vk 9 
FIGURE 1 
As we show in the figure, the construction may introduce two additional 
crossings of an edge-arc Ve VI by Vi Vj. These cancel in the crossing chain. 
On the other hand any representation f G in the plane can be deformed 
into any other without ever causing any two vertex-points Vi and V~. to 
coincide. We must, however, allow instantaneous intermediate stages in 
which two edge-arcs meet at some common internal point without cros- 
sing there, or some edge-arc has a vertex-point a  one of its internal points. 
The crossing chain changes only when an edge-arc V~Vj passes over a 
vertex-point Vk, distinct from V~ and V~., and then it alters only by the 
addition or subtraction of K(ij, k). 
We summarize the foregoing results as follows. 
THEOREM 1. The set of all crossing chains of G is a coset X(G) of A(G) 
in R(G). 
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4. A CROSSING CHAIN IS HALF  A CROSS-COBOUNDARY 
We have 
--K(an, b) -- 
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we have 
n--2 n--2 
2 J= Z Z O(a, b) L(a, b) 
a=l b=l 
n--2 n--2 n--1 n--1 
= Z Z Z Z O(a,b)[ay, bdl. 
a=l b=l y=l d=l 
Let p, q, r, and s be four distinct positive integers, all less than n - -  1, 
which satisfy the following inequalities 
p < q,p <r  <s. (9) 
n--1 n - -1  n- -1  n 
y~ K(ba, a) = -- Z [a., bali + Z Y~ [ay, bd] 
d=l d=l  d=l  y=l  
n--1 n--1 
= Z Z [ay, bd], 
d=l  y=I 
where K(bd, a) is taken to be zero if a, b, and d are not all distinct. We 
write L(a, b) for  the chain given by the last double sum. Clearly 
L(a, b) ~ A(G), (6) 
L(b, a) = --L(a, b), (7) 
L(a, a) = 0. (8) 
The chain L(a, b) is of  some interest as a cross-coboundary expressible in 
terms of members of Q not involving the integer n. 
Consider the cross-coboundary 
J = EL(a, b), 
where the summation is over all integers a and b such that 
1 ~a<b~n- -2 .  
Then, if O(a, b) is defined as 1, - -  l, or 0 according as 
a <b,a  > b, or a ---- b, 
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Let us pick out those terms in our formula for 2J  for which the unordered 
pairs {a, y} and {b, d} are the pairs {p, q} and {r, s}, not necessarily in that 
order. The sum of these terms is 
O(p, r)[pq, rs] -k O(q, r)[qp, rs] 
q- O(p, s)[pq, st] q- O(q, s)[qp, st] 
Jr O(r, p)[rs, pq] q- O(r, q)[rs, qp] 
-k O(s, p)[sr, pq] + O(s, q)[sr, qp] 
M(p ,  q, r, s)[pq, rs], 
where 
M(p,  q, r, s) = 2(0(p, r) 
Thus 
M(p, 
i fp<qdr<sorp<r<s< 
M(p, 
- -  O(q, r) - -  O(p, s) q- O(q, s)). 
q, r, s) ----- 0 
q, and 
q, r , s )  = 4 
i fp  < r < q < s. By (9) these are the only possibilities. 
We now proceed in a similar way with four numbers p, q, r, and s 
defined as before except that s is now n --  1. We pick out those terms in 
the formula for 2 J  for which the unordered pairs {a, y} and {b, d} are the 
pairs {p, q) and {r, n -- 1}, not necessarily in that order. The sum of these 
terms is 
where 
Thus 
i fp  < q < r, and 
O(p, r)[pq, r(n -- I)] -k O(q, r)[qp, r(n -- 1)] 
-k O(r,p)[r(n -- 1),pq] + O(r, q)[r(n -- 1), qp] 
= M(p,  q, r, n --  1)[pq, r(n -- 1)], 
M(p,  q, r, n -- 1) = 2(0(p, r) -- O(q, r)). 
M(p,  q, r, n -- 1) =0 
M(p,q , r ,n -  1) = 4 
if p<r<q.  
As a consequence of the foregoing analysis we have 
J=  2C, 
where 
C ~- Y~[ab, car] 
(lo) 
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and the summation is over all integers a, b, c, and d such that 
1 <~a<e<b<d~n- -1 .  
But C is a crossing chain of G. It corresponds to a representation f G in 
which V i , V 2 ..... V~_~ are the vertices of a regular polygon, taken in 
anticlockwise order. If G has an edge v~vj, where 1 ~< i < j < n, then the 
corresponding edge-arc is the appropriate side or diagonal of the polygon. 
Vn is a point outside the polygon, and joins from it to vertices of the 
polygon are made without crossings. Figure 2 illustrates the case in which 
G is the complete 7-graph. 
FIGURE 2 
THEOREM 2. I f  Y is any crossing chain of G, then 2Y ~ A(G). 
PROOV: Y- -CEA(G) ,  by Theorem 1. Hence 2Y- -2C~A(G) .  But 
2C --- J ~ A(G). The theorem follows. 
5. PLANARITY 
The complete 5-graph Ko has exactly five vertices, vl, v2, v3, va, v5. It 
is loopless and each pair of distinct vertices is joined by exactly one edge. 
The Thomsen graph K3,3 has exactly six vertices vl, v~, v3, Wl, wz, ws. 
Each edge joins a vi to a wj, and each vi is joined to each w~ by exactly 
one edge. 
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To subdivide an edge viv~ in a graph G we replace the edge by two new 
edges viw and wvj, where w is a new vertex. Any graph G' obtained from 
G by a finite sequence of such operations i  a subdivision of G. For con- 
venience we say that G itself is a subdivision of G. In general G' is derived 
from G by replacing the edges by arc-graphs. 
Two edges of a graph are said to be adjacent if they have a common end. 
Two edge-arcs in a planar representation are adjacent if they represent 
adjacent edges. 
Kuratowski's theorem asserts that a graph G is planar, that is has 
crossing number zero, if and only if no subgraph of G is a subdivision of 
a K5 or a K3,8. 
5.1. In any planar representation of a subdivision G of K 5 or K8.3 there 
are two edge-arcs, derived from non-adjacent edges of K 5 or K8,3, whose 
crossing number is odd. 
PROOF: We define Q in terms of G as in Section 2. If C is any chain on 
Q let O(C) denote the sum of the coefficients in C of those symbols [ij, kl] 
of Q for which the pairs (/j) and (kl) represent edges of G derived from 
non-adjacent edges of/s or K8.3. 
If either in/(5 or in K3,3 we delete an edge, its two ends, and its adjacent 
edges, then the residual graph is a circuit. We deduce that in any initial 
cross-coboundary C = K~pq, r) of G the number of symbols [/j, kl] of Q 
making a non-zero contribution to O(C) is either 0 or 2. Hence, for any 
cross-coboundary C of G, we have O(C) =-- 0 (mod 2). 
We can obtain a planar representation of K 5 by putting the vertex- 
points at the corners of a regular pentagon and using straight segments as 
edge-arcs. A planar representation f K3,3 can be obtained by representing 
the vi and w; as alternate vertices of a regular hexagon, and again using 
straight edge-arcs. One of these planar representations can be changed 
into a planar representation f G by suitably subdividing the edge-arcs. 
It then yields a crossing chain X of G such that O(X) ~ 1 (mod 2). 
Applying Theorem I to these results we find that O(Y) is odd for every 
crossing chain Y of G. Proposition 5.1 follows. 
5.2. In any planar representation of a non-planar graph G there are two 
non-adjacent edge-arcs whose crossing number is odd. 
PROOf: By Kuratowski's theorem G has a subgraph H that is a sub- 
division of a K 5 or a Kz,8 9 We establish 5.2 by applying 5.1 to H. 
(Two earlier topological proofs were obtained (1968) separately by 
C. A. B. Smith and the author, after discussions with R. L. Brooks. 
H. Hanani has drawn attention to a much earlier proof in [1]). 
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Let Y be any crossing chain of a graph G. We have seen that 2 Y must 
be a cross-coboundary. 
It may happen that Y is itself a cross-coboundary. In this case A(G) 
coincides with its coset X(G). (See Theorem 1.) In particular the zero 
chain is a crossing chain. This means that there is a planar representation 
of G such that for any two non-adjacent edge-arcs one crosses the other 
exactly as many times from right to left as from left to right. In this 
representation the crossing number of any two non-adjacent edge-arcs i
even. Applying 5.2 to these observations we obtain the following theorem. 
5.3. A graph G is planar if and only if its crossing chains are cross- 
coboundaries. 
6. THE CROSSING NUMBER OF G 
The crossing number c(G) of G, defined in Section 1, is related to the 
sums of the absolute values of the coefficients in the chains of X(G). Let 
s(G) denote the minimum of these sums. It is clear that c(G) ~ s(G). Does 
the equality always hold? 
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